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A high degree and order Lunar gravitational field is superimposed on the Earth-Moon 
Restricted Three Body model to capture the dominating forces on a spacecraft in the vicinity 
of the Moon.  For the synchronously rotating Moon, periodic orbits in this model map repeat 
ground tracks and represent higher order solutions to the frozen orbit problem.  The near-
circular, stable or near-stable solutions are found over a wide range of defining 
characteristics making them suitable for long-lifetime parking applications such as science 
orbits, crew exploration vehicle parking orbits, and global coverage constellation orbits.  A 
full ephemeris is considered for selected orbits to evaluate the validity of the time-invariant, 
simplified model.  Of the most promising results are the low-altitude families of near-
circular, inclined orbits that maintain long-term stability despite the highly non-spherical 
Lunar gravity.   The method is systematic and enables rapid design and analysis of long-life 
orbits around any tidally-locked celestial body with an arbitrarily high degree and order 
spherical harmonic gravity field. 

 
 

I. Introduction 
 
 With the recent interest in the return trips to the Moon [1], trajectory designers are faced with a variety of 
challenges.  The proposed missions are likely to require extended stays and global communication coverage.  
Therein lays the challenge to find long-lifetime orbits in the vicinity of the Moon.  Traditionally, mission designers 
seek orbits that are “frozen” [2,3,4,5,6,7,8,9,10,11,12] with regard to the eccentricity and argument of periapse as 
these highly coupled orbital elements generally have secular drifts due to the third body and non-spherical gravity 
perturbations.  Of course a secular drift in eccentricity leads directly to an impact orbit.   
 

The frozen orbits are generally found by seeking equilibrium solutions to an averaged or reduced system.  In 
some cases, such as the near-circular two-body zonal problem, closed form analytic series solutions are available [2] 
while most approaches require some form of numeric root-finding.  In general however, the averaging procedure is 
essential, and the mathematics can be tedious and require “extensive algebraic manipulations” as pg. 40 of Ref. [7] 
self-describes.  The complexity of the application and use of the resulting methods can be prohibitive for general use 
in preliminary space mission design.  Furthermore, many of the higher-order effects are lost in the averaging or 
intentionally discarded through simplified models.   
 
 References [2,5,8] represent significant progress in terms of simplifying the procedural effort required to find 
frozen orbits yet both remain limited to the two-body zonal problem, as is Ref. [7].  References [2,8] operate on the 
averaged system and are limited to orbits of low eccentricity while Ref. [5] operates on the unaveraged system and 
is valid for all eccentricities.   The still higher order effects of the third-body perturbations and the full gravitational 
potential including the non-zonal terms are yet to be investigated in the general frozen orbit problem.  Clearly the 
relative importance of each of these higher order terms is highly dependent on spacecraft altitude.  However, the 
impressive speeds of modern computing enable the inclusion of both higher order effects with little penalty in terms 
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of usability to the designer.  The resulting dynamical system is therefore valid for a broad range of spacecraft 
altitudes.  This higher order force model and the ability to systematically find long-life orbits therein have 
immediate applications for rapid trajectory design accross a wide spectrum of destinations.  Examples include the 
Moon, Earth, Mars, Venus, and high science priority planetary moon systems such as Jupiter-Europa and Saturn-
Enceladus.   
 
 In this paper, techniques based on the recent design of long-life science orbits at Europa [13,14,15] are 
extended to specifically find long-life orbits at the Moon.  In particular, periodic orbits are sought in the Restricted 
Three Body Model of the Earth-Moon system plus a high resolution Lunar gravity field.  The Moon’s rotational 
period is assumed to be synchronously locked with its orbital period; thus, the periodic orbits are indeed repeat 
ground track (RGT) orbits. 
 

The concept of studying RGT orbits as true periodic orbits in an unaveraged model was first explored in detail 
in Ref. [16] and specifically applied to low-order gravity fields in the two-body Earth problem in Ref. [17] and later 
in the three-body Europa problem in Ref. [13].  Repeat ground track orbits are useful for many different missions, 
including mapping missions when the repeat cycle is long enough.  Previous research shows that periodic orbits of 
simplified models generally remain as RGT orbits in full ephemeris models [13,14,15,17]. However, this does not 
apply to the “lumpy” Moon where it has been shown that lower order zonals, particularly J7, notably affect the long-
term behavior of low altitude orbits [5].  The analysis in Ref. [3] supported by comments in Ref. [18] suggests that a 
50 degree and order gravity field is necessary for accurate modeling of low-altitude Lunar orbits.  Therefore, in this 
paper a 50x50 Lunar gravitational field is considered in order to capture the dominating higher order effects.   

 
For simple resonances, or RGT cycles, the near-polar, near-circular solutions of the perturbed three-body 

problem are found to be linearly stable for altitudes less than ~1200 km.  At the higher altitudes, the families evolve 
into stable moderately-inclined eccentric orbits.  Solutions are documented for altitudes up to ~2 Moon radii.  The 
stable or near-stable families of solutions are shown to exist for a full range of average inclinations and altitudes 
making them suitable for long-lifetime parking applications such as science orbits, crew exploration vehicle parking 
orbits, and global coverage constellation orbits [11,12].  A full ephemeris is considered for selected orbits to 
evaluate the validity of the time-invariant, simplified model.  Because the invariant model accurately represents the 
Lunar gravity but only approximates the Earth’s gravity and ignores all other forces, the solutions from the invariant 
model map to the ephemeris model more favorably as the altitude is decreased.  Accordingly, the lower-altitude 
ephemeris propagations enjoy the same long-life stability as predicted by the invariant model.  While the focus of 
the current application is on the Moon, the methods and accompanying software are developed generally so as to 
immediately apply to other bodies of interest.   
 
 

II. Dynamical Models 
 

The Earth’s third body effect is modeled using the Restricted Three Body Problem (RTBP) that assumes the 
Earth and Moon orbit their common center of mass with a constant radius (in reality the radius varies ±5.5%).  The 
equations are normalized such that the separation is one length unit (LU) and the orbit period is 2π time units (TU).  
Given the additional assumption that the rotation of the Moon is synchronous with its orbital period (in reality there 
is ±8o libration), the Moon-fixed reference frame is identical to the Moon centered RTBP frame depicted in Figure 1.  
Note that the International Astronomical Union (IAU) defined prime meridian and pole point in the direction of the 
Earth and the system angular momentum respectively.  Both the tidal force field and the non-spherical force field are 
static in this rotating frame. 
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Figure 1.  Moon-centered Restricted Three Body model plus full 
Lunar gravity field.  For the synchronously rotating Moon, the (xyz) 
reference frame is coincident with the body-fixed Moon frame.  
Uppercase ( XYZ ) is the non-rotating frame.  

 
 The equations of motion for the rotating frame are given as 
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where a potential function, Ω,  is introduced, 
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The Moon and Earth gravitational parameters are Gmr and Gmρ respectively.  U is the contribution due to the 
non-spherical Moon and is expressed via the standard spherical harmonic expansion as  
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Jn, Cn,m, and Sn,m are the numerical coefficients that parameterize the gravity field.  The Jn terms are commonly 

called the zonal coefficients.  Pn is nth degree Legendre Polynomial and is recursively defined in Eq (6).  
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Pn,m is nth degree and mth order associated Legendre function of the first kind and is recursively defined in Eqs. 

(7) and (8). 
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For the practical computations, the gradient of U is simpler if performed in the spherical coordinates and 

rotated back to the body-fixed frame as shown in Eq. (9).    The gradient equations are left out for brevity.  The 
presented equations are summarized from Ref. [19].  For more details on the spherical harmonic expressions see 
Refs. [19,20]. 
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 The system is Hamiltonian and admits an integral of motion, C, given in Eq. (10). 
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For conversion to classical orbital elements, the rotating frame is defined to be aligned with the non-rotating 

frame at t = t0 (see Figure 1) and the transformation into the non-rotating frame is given in Eq. (11). 
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 The spherical harmonic representation of the Lunar gravity field is taken from the publicly available* lp150q 
model, a 150x150 degree solution produced by the Lunar Prospector Gravity Science Team led by A.S. Konopliv at 
the Jet Propulsion Laboratory.  The estimation includes all available data from past American missions to the Moon.  
Permanent tide adjustments of ∆J2 = 9.32206780233229E-08 and ∆C2,2 = 4.66066496097581E-08 are required.  A 
4x4 subset of the normalized gravity field including the adjustments is given in Eq. (12).  Equation (13) gives the 
conversion between the normalized and un-normalized coefficients.  For purposes of this study, it is emphasized that 
the Lunar gravity field includes the 50x50 truncated version of the lp150q model.  Table 1 provides the mass and 
distance parameters specific to the Earth-Moon system. 
 

                                                           
* URL: http://pds-geosciences.wustl.edu/geodata/lp-l-rss-5-gravity-v1/lp_1001/sha/jgl150q1.lbl [cited 12 Mar 2006] 
  URL: http://pds-geosciences.wustl.edu/geodata/lp-l-rss-5-gravity-v1/lp_1001/sha/jgl150q1.sha [cited 12 Mar 2006] 
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For selected ephemeris propagations, the positions, velocities, and orientations of the planets and the Moon are 

provided by the DE405 and pck00008.tpc estimated solutions and are publicly available* from the Jet Propulsion 
Laboratory [21].   The poles and prime meridians for the Earth and Moon are based on the most recent data from the 
IAU Working Group on Cartographic Coordinates and Rotational Elements of the Planets and Satellites [22].  The 
Lunar gravity model is the same as used in the simplified model while the only non-spherical term considered for 
the Earth is J2=0.0010826.  The active bodies for the ephemeris model include the Sun, the Moon, and all planets 
except Pluto.   
 

Table 1.  Earth and Moon Parameters 

Parameter Symbol Value 
Moon gravitational parameter Gmr 4,902.801076 km3/s2 
Earth gravitational parameter Gmρ 398,600.4415 km3/s2 

Mass ratio (derived) µ 0.01215058655960256 
Moon mean radius a R 1738.0 km 

Earth-Moon distance (length unit) LU 384,400 km 

Time Unit (derived) TU 375,190.258663027 s 
a spherical harmonic expansion radius from lp150q model 

 
 

III. Periodic Orbit Generation 
 

The symmetries typically associated with the RTBP or the zonal problem are no longer valid when considering 
an arbitrary Lunar gravity field.  Thus, a full-dimensioned differential corrector is sought to find periodic orbits in 
the general non-symmetric case.  The Jacobi integral, C, is a natural parameter to vary for generating families of 
solutions.  Therefore, the constraint vector, K, consists of the periodicity conditions and the Jacobi integral target 
and is given in Eq. (14).   The unknown vector, ξ0, consists of each initial state variable except z0, where the period 
and z dimensions are removed by setting z0=0 and implicitly stopping the integration exactly at zT = 0 (to machine 
precision), where T is the period.  This discrete mapping technique is a proven strategy to reduce dimensions and is 
described in more detail in Refs [23,24,25,26].   
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Assume that an initial guess, ξ0, in the vicinity of a solution yields a nonzero K.  In order to drive the constraint 

vector to zero, a ∆ξ0 is sought that satisfies the linear system,   
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* URL: http://naif.jpl.nasa.gov/naif/spiceconcept.html [cited 12 Mar 2006]. 
   URL: ftp://naif.jpl.nasa.gov/pub/naif/generic_kernels/spk/planets/de405_2000-2050.bsp [cited 12 Mar 2006]. 
   URL: ftp://naif.jpl.nasa.gov/pub/naif/generic_kernels/pck/pck00008.tpc [cited 12 Mar 2006]. 
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 Note that there are 5 unknowns and 6 constraints as stated in Eq. (15).  In order to ensure a unique solution 
(given a non-singular Jacobian) many researchers reformulate the problem to have an equal number of constraints 
and unknowns [27,28].  On the contrary, in this study a least squares solution method allows for all of the constraints 
to be enforced regardless of the number of unknowns.  Furthermore, singular value decomposition provides a simple 
solution to the problem of the degenerate Jacobian associated with a periodic orbit.  The dimension of the null space 
of such a Jacobian is nonzero because any direction tangent to the solution leads again to a periodic solution.  This 
degeneracy is compounded in the special case of a bifurcation periodic orbit, where there is an additional degenerate 
direction that leads to a new periodic orbit.   The dimension reducing techniques discussed in Refs [26,27,28,29] 
deal effectively with the tangent degeneracy, but fail to address the special case of the bifurcation orbit.  
Unfortunately, all of the high-resonant Lunar orbits that are the subject of this study are bifurcation orbits.  The 
singular value decomposition of the non-square Jacobian in Eq. (15) provides an elegant mechanism to reduce the 
system only in the degenerate directions, as opposed to the arbitrary directions proposed in Refs [27,28].  The 6x5 
Jacobian has a singular value decomposition of the form   
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d
d

=
K UDV
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(16) 

 
where U and V are square orthogonal matrices of dimension 6 and 5 respectively and D is a 6x5 matrix with non-
negative entries on the diagonal and zeroes otherwise.  See Ref. [30] for details on singular value decomposition.  
The psuedo-inverse of the Jacobian as indicated by the superscript ‘+’ is given in Eq. (17) and leads to the least 
squares solution to the over-constrained system in Eq. (15).  See Ref. [31] for a further description of a least squares 
application to differential orbit correction.  
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The diagonal elements of D are called the singular values of the Jacobian.  A singular matrix has at least one 

singular value of zero while an ill-conditioned matrix has at least one near-zero singular value.  For practical 
computations, any singular value less than ε is considered zero as indicated in Eq. (17).  For this study, ε values in 
the range of 10-4 → 10-6 are found to be sufficient.  Equation (18) gives the least squares solution to Eq. (15).  
Furthermore, as Ref. [30] explains, when one or more the singular values are zero (or < ε), then the solution given 
by Eq. (18) is the least squares solution with the smallest magnitude.      

( )0∆ = −ξ VSU KT

 (18) 
 

Therefore, the problem associated with any degenerate directions is solved thru the simple selection of ε and 
the application of the Eq. (17).  Furthermore, all of the constraints are active because there is no requirement for the 
Jacobian to be square.  The Jacobian is calculated from 
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where the partial derivative of period with respect to the initial conditions is found from  
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Because the integrator implicitly stops on the xy plane, Eq. (21) can be solved with ∆zT = 0 giving  
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 Finally, Eq. (20) is rewritten as   
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where Ф is the state transition matrix that provides the partial derivatives of the state from one time to another 
across a continuous trajectory.  Thus, 

0 0( , ) ( ) ( )t t t t= ∂ ∂Φ X X  (24) 
 
 The state transition matrix is obtained by integrating the variational equations given in Eq. (25) along with Eq. 
(1).  The calculation of the partial derivative in Eq. (25) is straight forward but tedious due to the complicated nature 
of f as described in Eqs. (2)-(9).  For brevity, the equations are left out here.   
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To summarize, given that an initial guess, ξ0, is in the vicinity of a solution and yields a constraint violation K, 

the linearized first order correction is given by Eq. (18).  Depending on the validity of the initial guess, it is often 
useful to scale the correction step in order to prevent any of the step directions from exceeding any of the user 
defined maximum step sizes.  The process is iterated with the corrected guess until convergence as indicated by a 
constraint violation that is sufficiently small and is no longer reducing in length.  The scalar normalized miss 
distance, d, is defined in Eq. (26) where ||  || is the Euclidean 2-norm operator. 
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The stability of the converged solution is evaluated based on the full period state transition matrix, also known 

as the Monodromy matrix.  It is well known that the eigenvalues of the Monodromy matrix for conservative 
autonomous systems occur in reciprocal pairs.  Furthermore, tangent variations maintain periodicity.   Therefore, the 
eigenvalues of the Monodromy matrix will have the form {λ1, 1/λ1, λ2, 1/λ2, 1, 1}.  The complex stability indices are 
defined in Eq. (27) where |bi | ≤ 2 and bi must be real for linear stability.  For detailed discussions on the state 
transition matrix, the Monodromy matrix, and stability see Refs. [25, 32].   

1 1 1

2 2 2
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λ λ
λ λ

= +
= +  

(27) 

 
 

IV. Families of Solutions 
 
Periodic orbits in the perturbed RTBP enjoy the integral of motion, C, given in Eq. (10).  The natural family of 

a single solution is found by successively seeking neighboring solutions for small fixed variations in C.  For orbits 
close to the primary, energy variations generally lead to one of the two following effects:  inclination variations with 
near-fixed eccentricity or eccentricity variations with near-fixed inclination that is commonly referred as the “critical 
inclination” [7,33].  The series solution expressions for the classic frozen orbits find singularities at this critical 
inclination.  While the search for periodic orbits deal with the degenerate bifurcation case near this same inclination, 
methods such as the singular value decomposition approach described in this paper effectively deal with the 
degeneracy.  For the high-altitude near-polar solutions, varying C across a family of orbits has the same effect as 
varying the average i.  From a mission designer’s perspective, i is an extremely important parameter when 
considering specific mission objectives and constraints.   

 
For the near-circular inclined class of orbits sought in this study, the main characteristic that distinguishes one 

family from another is the integer ratio of spacecraft revolutions to body revolutions during a full period.  In this 
paper, the number of spacecraft revolutions is varied while number of body revolutions is fixed to one.  
Accordingly, all solutions of an n-cycle family complete one period after exactly n spacecraft revolutions.  The 
normalized period of each periodic solution is exactly one period of the body’s revolution (2π) plus the total change 
in the longitude of the ascending node of the spacecraft orbit.    The altitude, a second parameter of great importance 
to mission design, is controlled through the selection of n, where higher values of n correspond to lower altitudes.     
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To seek families of solutions that vary in C, the following algorithm is employed: 
 

1. Select n, indicating the n-cycle family is sought. 
 
2. Provide initial guess:  Assuming a two-body orbit around a point mass Moon, calculate the initial 

conditions starting in the plane of the Moon’s equator for a polar orbit that completes n revolutions during 
one Lunar revolution. 

 
3. Use the initial guess and Eqs. (14)-(25) to converge on a periodic solution of the n-cycle family.  Because 

this is the first member of the family, the Jacobi constant of the near-polar solution is unknown.  
Accordingly, the C constraint is removed from K in Eq. (14) and the dimensions of the following equations 
are appropriately modified.  Thus, the inclination of the initial guess is polar, yet the solution is free to 
converge to any inclination.  Generally, because the solution method is local, the algorithm converges to a 
near-polar periodic solution. Note, the near-polar solution is sought initially because the two body solution 
is a better guess at the near-polar inclinations and generally converges in the full perturbed RTBP model.  
For complex gravity fields like the Moon’s, it may be necessary to parametrically solve several sub-
problems where the first sub-problem includes the third-body effects, and each successive problem includes 
an increasingly complex gravity field and uses the initial conditions from the previous sub-problem.   

 
4. Follow the initial near-polar solution in both directions for small variations in ±C until the user-supplied 

minimum or maximum is reached.  A predictor-corrector scheme based on Eq. (18) is used for the 
continuation of a solution along its natural family.  For the predictor step, the initial guess for each 
successive solution is found by solving Eq. (18) where the partial derivatives and C are evaluated along the  
previous  periodic  solution and K is [0, 0, 0, 0, 0, C-C*]Τ where C* is the new desired value for the Jacobi 
constant. The predicted initial condition is propagated for n cycles and is corrected using Eq. (18) and the 
full K from Eq. (14).  The corrector step is iterated until convergence.   

 
Families that vary in altitude yet maintain similar inclination are not continuous families because the 

generating parameter, n, is integer-valued.  Nonetheless, these insightful groupings are found by repeating the first 3 
steps of the algorithm for a desired range of n.   

 
 

V. Example RGT Families and Orbits 
 
For large variations in altitude, near-polar RGT solutions are sought for n values of 73 to 328 cycles at 

increments of 15.  Figure 2 shows the results where each solution is initiated with a 90.5o two body circular orbit.  
As the Jacobi integral is left unconstrained, the solutions are free to evolve to any inclination (although a max-step 
size of 10 km in position and .1 km/s in velocity constrains the solution to stay in the vicinity of the guess).  For 
these near-polar solutions, as the minimum altitude decreases from 3319 km to 39 km, the average eccentricity 
increases from ~0 to ~0.04.  Note, the miss distance, d, is consistently near 10-12 normalized units, indicating the 
initial and final conditions are equivalent to approximately 12 significant digits.   Of the most important 
observations from Figure 2 is the unstable to stable transition that occurs near 168 cycles at an approximate altitude 
of ~1200 km as indicated by the boundary where both stability indices equal 2.  Also, note that the average ratio of 
the magnitudes of the harmonic to the tidal perturbing forces is unity at an approximate altitude of ~2000 km. 
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Figure 2.  Characteristics of near-polar RGT solutions for n-cycles of 73 to 328.  d is the 
periodicity precision defined in Eq. (26).  h is the ratio of the magnitude of the Moon’s 
harmonic acceleration to the tidal acceleration due to the Earth. 

 
For a given n-cycle orbit from Figure 2, its natural family is found for small variations in C.  As examples, the 

high altitude, 73-cycle and the low altitude, 328-cycle natural families are presented in Figure 3 and Figure 4.  
Figure 3 shows the high-attitude family consists of mildly unstable orbits with very low eccentricities for a wide 
range of inclination centered at 90o while the family ends in both C directions with stable highly eccentric impact 
orbits.  All of the near-circular orbits are mildly unstable where the maximum instability is represented by the 
shallow maximum in b2 that occurs near 90o.  The eccentricities grow rapidly in both directions as the family passes 
through the critical inclinations of approximately 43o and 139o where both stability indices equal 2.  Outside of the 
critical points, a reflection in inclination occurs until the family ends with stable impact orbits of {C,i,e}~{3.8474 
LU2/TU2,125o,0.656} and {3.9005 LU2/TU2,55.6o,0.644}.  The existence and location of the stable eccentric orbits 
are consistent with the frozen orbits around the Earth and Moon discussed in Refs. [2,5,7,16,17,11].   

 
It is worth noting that different 73-cycle families of RGT orbits are found by starting near the direct or 

retrograde planar orbits.  These families begin as stable near-circular orbits and reflect in C near the critical 
inclination where they transition to stable eccentric orbits with closest approach over the southern Lunar pole (ω~-
90o).  These orbits have the opposite orientation from the eccentric orbits of the family shown in Figure 3 where the 
closest approach is over the northern pole (ω~90o).  Although the search method is applicable for periodic families 
of all types, the attention of this study is focused on the families centered on the polar inclinations because of their 
favorable global coverage. 
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Figure 3.  Characteristics of the 73-cycle RGT family. 

 

 
Figure 4.  Characteristics of the 328-cycle RGT family. 
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Figure 4 shows the evolution of the low altitude 328-cycle natural family.  The evolution of the eccentricity vs. 
inclination curve finds general agreement with the lower-order frozen Lunar orbits found in Ref. [2,3,4,5,6]  noting 
that the best agreement is with those reported in Ref. [4] based on the LGM0281 gravity field.  The stability indices 
from Figure 4 show linear stability for the full range of near-polar inclinations.  The highly non-spherical gravity 
field manifests through large variability in the average eccentricities.  There are two noteworthy minimums 
occurring near 85o and 95o while the most polar orbit finds a maximum eccentricity of ~0.04.  The near-zero 
eccentricity solutions are consistent with the frozen Lunar orbits found in the literature.  However, the inclusion of 
the third-body and the non-zonal terms destroys the existence of the exactly circular frozen orbits.  The smallest 
variation in altitude occurs at an average inclination of 94.8o with minimum and maximum altitudes of 110 and 144 
km.  The higher order effects of including the non-zonal terms as well as the third body perturbations are further 
appreciated in the loss of symmetry with respect to i=90o.  While symmetry remains to first order as the two-body 
zonal problem predicts [2,7], the peak in eccentricity that occurs near i = 80o is more than twice as high as the peak 
that occurs at i=100o.  This lack of symmetry is also evident in the altitude and stability plots.    
 
 
 

 

 
Figure 5.  Characteristics of example near-circular 73-cycle RGT periodic orbit (Orbit A) 
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Figure 5 - Figure 7 illustrate three example point solutions from the 73- and 328-cycle families.  These 
solutions are termed Orbits A, B, and C respectively.  The initial conditions and other characteristics for the example 
solutions are given in Table 2.   Note that the degeneracy associated with one of the stability indices always being 2 
indicates that the solutions are not necessarily unique.  Thus, qualitatively similar solutions with minor differences 
in initial conditions are possible to achieve despite having the same C value.  This is consistent with the findings in 
Ref. [17].  While all RGT orbits are periodic in each of the six rotating Cartesian coordinates by definition, Figure 5 
- Figure 7 show that each of the orbital elements are periodic except the longitude of ascending node, Ω.  (It was 
noted previously that ∆Ω = T - 2π.)  The short period oscillations seen in the orbital elements of Orbits A-C result 
from each spacecraft revolution, while the long period oscillations result from the variability of the perturbing force 
field as the orbit plane rotates around the body.  The large erratic variations in the long period motion of Orbit C, the 
low-altitude 328-cycle orbit, are indicative of the notoriously lumpy Lunar gravitational field.  As further evidence, 
the argument of periapse, while centered on the ω~-90o as the zonal problem predicts, appreciates non-trivial 
variations of ±17o during the course of one period.  These large variations in argument of periapse are common to all 
members of the 328-cycle family.  Note that the mean is near ω~-90o for all of the orbits considered in Figure 4 
except those in the inclination ranges associated with the non-polar rises in eccentricity (75o < i <84o and 95o < i 
<103o) where the mean is shifted to ω~90o.  The presence of step function shifts in mean ω is consistent with results 
from Refs. [2,4] although the exact locations vary because of the different gravity fields and levels of model fidelity. 

 

Figure 6.  Characteristics of example eccentric 73-cycle RGT periodic orbit (Orbit B) 
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Table 2.  Example orbit data (z0=0, υ0=-ω0) 

Property Units Orbit A  (73-cycle) Orbit B  (eccentric 73-cycle) Orbit C  (328-cycle) 
x0 LU -1.311519120505E-02 -7.660645625403E-03 -4.498948742093E-03 
y0 LU 5.435394815081E-04 5.028162133106E-03 -1.731769313131E-03 
u0 LU/TU -1.281711107594E-02 1.327777508469E-01 -6.203996010078E-02 
v0 LU/TU -3.056086111584E-01 -9.233621714500E-01 7.000280770869E-02 
w0 LU/TU 9.077797920947E-01 9.132878998189E-01 1.588813067177E+00 
C LU2/TU2 3.885779329543E+00 3.899472252543E+00 5.460492546479E+00 
a0 km 5.046738218681E+03 4.996647749602E+03 1.861791339407E+03 
e0 - 2.425326521133E-04 5.384086098625E-01 2.110475283361E-02 
i0 deg 7.063797094157E+01 5.220698531621E+01 9.298309204740E+01 
ω0 deg -4.048674547795E+01 8.922084663298E+01 -7.839337618501E+01 
Ω0 deg 1.776268201967E+02 1.467205983429E+02 -1.589469097527E+02 
T day 2.716778449596E+01 2.676187032099E+01 2.735409767795E+01 

avg. i deg 70.4 52.1 92.5   
 
 

 
Figure 7.  Characteristics of example near-circular 328-cycle RGT periodic orbit (Orbit C) 
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The bottom rows of Figure 5 - Figure 7 show the evolution of the tip of the eccentricity vector for the example 
RGT solutions.  The full trajectory path is given as well as a discrete map illustrating the xy-plane crossings.  These 
meandering paths close after one period and repeat indefinitely for a spacecraft that remains on an RGT solution.  
The eccentricity vector plots are useful tools for the visualization and analysis of the long-term stability of frozen 
and near-frozen orbits [2,3,6,7,9,10,13,12,34]. 
 

The orbit propagations are performed using a Runge-Kutta 7(8) integrator and the step sizes are chosen such 
that the Jacobi constant, C, is conserved to at least 13 digits over the course of a full period.  The computational 
times per iteration of a point solution are ~20 and ~90 seconds on 3.2 GHz Xeon processor for the 73-cycle and 328-
cycle trajectory respectively. 
 
 

VI. Long-Term Propagations 
 
A numerically propagated orbit suffers from round-off and truncation error that emulate small perturbations to 

a spacecraft trajectory.  For an unstable reference orbit, these perturbations grow with a characteristic time directly 
related to the magnitude of the largest eigenvalue of the Monodromy matrix (and consequently the largest stability 
index).  A stable orbit, on the other hand, will generally be robust to the small numerical perturbations in the context 
of long-term stability.  Figure 8 illustrates a long propagation of the mildly unstable high altitude Orbit A.  While the 
RGT condition is nearly maintained for the first 11 years, the eccentricity grows exponentially and finally suffers a 
Lunar impact after 15.7 years.  Twenty-year propagations of the stable eccentric Orbit B and the stable low-altitude 
Orbit C yield repeated eccentricity vector paths that are indistinguishable from those illustrated in Figure 6 and 
Figure 7. 

    

 
Figure 8.  Eccentricity vector at the xz-plane crossings of a long propagation (RTBP plus 50x50 Lunar 
gravitational model) of the mildly unstable 73-cycle Orbit A.  Left: the first 11 years.  Right: the full 15.7 year 
propagation ending at impact.  Note the difference in axis scales.  

 
While the RTBP represents the motion of the Moon and the Earth well to first order, the effects of considering 

a more realistic model represent perturbations to the system that are many orders of magnitude greater than those 
that result from numerical error.  This is especially true at the Moon where its mean eccentricity is far from zero at 
0.06 and Solar perturbations are significant.   As an example of the Solar effects, the Lunar true period varies on the 
order of ±3 hours over the course of several periods.  To test the validity of the solutions in the context of these 
realistic perturbations, long-term propagations using the ephemeris force model (described in an earlier section) are 
performed.  An arbitrary epoch of 12:00 1-1-2010 (Julian Date = 2455198.0) is used for the initial conditions.   
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Figure 9 - Figure 11 illustrate ephemeris propagations for each of the example Orbits A-C respectively.  The 
left side of each figure shows the full path of the eccentricity vector for the first period while the right side gives the 
xz-plane crossings for the long runs.  The initial conditions from Table 2 are applied in the IAU body-fixed Moon 
frame [22] at epoch.  The reported e and ω values are expressed in the ecliptic J2000 frame.  While the eccentricity 
vector path of the first period of Orbit A is similar to the perturbed RTBP version (see bottom left of Figure 5), the 
long-term instability is greater in the real ephemeris and the orbit suffers a Lunar impact after 5.57 years.  Note that 
the ephemeris propagation of Orbit A falls off of the frozen conditions in a different direction than the perturbed 
RTBP propagation. 

 
As evidenced by the non-closed eccentricity vector path after the first period, the left side of Figure 10 shows 

the inability of Orbit B to maintain the RGT orbit in the ephemeris model.  The radius of the stability region 
associated this stable eccentric orbit in the perturbed RTBP appears too small to overcome the ephemeris 
perturbations.  Despite falling off of the RGT path, the orbit does find long-term stability as seen in the long period 
libration in the eω plane with large amplitudes in ∆e.  This motion is consistent with the dynamics predicted by the 
simpler RTBP unperturbed by a non-spherical Lunar gravity field [11].   

 
 
 

Figure 9.  Ephemeris propagation of the mildly unstable 73-cycle Orbit A. Left: one period (compare to the 
bottom left of Figure 5).  Right:  5.56 year propagation ending with impact. 

Figure 10.  Ephemeris propagation of the stable eccentric 73-cycle Orbit B. Left: one period (compare to the 
bottom left of Figure 6).  Right:  Surface of section (z=0) map of 10 year propagation. 
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Figure 11.  Ephemeris propagation of the stable 328-cycle Orbit C. Left: one period (compare to the bottom 
left of Figure 7).  Right:  Surface of section (z=0) map of 10 year propagation. 

 
As expected, the agreement is qualitatively better for the case of the low-altitude near-circular Orbit C where 

the assumptions of the RTBP play a much lesser role because the non-spherical gravity perturbations at this altitude 
are ~39 times larger (from Figure 2) than the tidal perturbations due to the Earth.  The first period of the ephemeris 
propagation maps an almost identical eccentricity vector path to that from the invariant model.  While the remaining 
~132.4 periods do not replicate the pattern exactly, the right side of Figure 11 shows that the orbit librates in the eω 
plane with similar magnitudes.  Therefore, the low altitude, near-circular, near-polar Orbit C enjoys long-term 
stability in an ephemeris model for at least 10 years.   

 
 

VII. Gravity Field Degree And Order 
 

As mentioned previously, a sensitivity study in Ref. [3] on the affect of the gravity field degree on a low-
altitude Lunar orbiter indicates the dynamics appreciably change as the degree increases for up to at least a 50 
degree field.  These claims are substantiated in Ref. [18] and led to the use of the truncated 50x50 field for the bulk 
of the present study.  However, it is natural to question the sensitivity of the current results to the degree and order 
of the truncation.  Accordingly, Figure 12 presents the same 328-cycle family of the RGT orbits for a variety of 
different truncated versions of the lp150q gravity field.  A full degree and order field and a zonal only version are 
considered for degrees of 7, 20, and 50.  In general, the results are consistent with the previous research that shows 
high sensitivity to the inclusion of the higher degree terms.  All three of the degrees find maximums in e near i=90o.  
For the inclination range considered, the degree 20 and 50 fields lead to four minimums in e while the 7 degree 
fields find only 2 minimums.  The locations and values of the extrema vary for each field considered. 

   
The effects of the non-zonal terms are easily seen in Figure 12 by comparing the curves of common degree.  In 

each case, the zonal-only curves closely approximate the full degree and order curves.  The comparison does 
however reveal a positive shift in eccentricity for the non-polar full degree and order families.  The exactly circular 
solutions from the zonal-only problem are destroyed by this shift in eccentricity.  The magnitude of the shift appears 
to increase with degree noting the difference in some cases is as large as ∆e ~ 0.01.  The lack of symmetry between 
the direct and retrograde periodic orbits is primarily a consequence of the third-body influence and is appreciated 
when the perturbation is formulated in orbital elements [34]. The non-zonal gravitational terms further destroy the 
symmetry about the polar orbit.   

 
The increase in fidelity of using a full degree and order field does however come at a substantial cost. 

Including all of the computations, the run-time per iteration for a solution in the 50x50 field increases by a factor of 
~30 compared to the zonal only 50x0 field.  Despite the speed penalty, the generation of the high-fidelity 328-cycle 
family in a 50x50 field requires one overnight job on a single 3.2 GHz Xeon processor.  In contrast, the lower-
fidelity families consisting of the zonal terms only (plus the third-body effects) are generated in just a few minutes 
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enabling rapid analysis for a variety of mission design applications.  Note that the higher altitude orbits are 
intrinsically faster to generate because each period requires fewer cycles.  Furthermore, they are less susceptible to 
the higher order effects of the non-zonal terms.  Therefore, the high-altitude orbits that remain far from the Lunar 
surface are sufficiently modeled using the zonal terms only.  It is emphasized that the computational run-time is a 
linear function of the number of cycles required to close a given RGT orbit.  The slow rotation rate of the Moon 
requires over 300 cycles for the low altitude RGT orbits while the low altitude RGT orbits at Europa, for example, 
require approximately 40 cycles [13].  Thus, the run-times found in the current RGT Lunar application are generally 
an order of magnitude greater than those expected from analogous applications at most other celestial bodies of 
interest.   

 
Figure 12.  The 328-cycle RGT family based on 6 truncated versions of lp150q gravity field. 

 
 

VIII. Conclusions 
 

This study presents an alternative systematic method for finding long-life orbits around the Moon.  The RGT 
periodic orbits are demonstrated and characterized in the Earth-Moon Restricted Three Body model perturbed by a 
high resolution Lunar gravity field.  The families of periodic orbits are found to be subsets of the classic frozen 
Lunar orbits from the literature.  However, the RGT orbits represent higher order solutions because they additionally 
include the unaveraged equations of motion, the non-zonal harmonic terms, and the tidal forces from the RTBP.    
Because these solutions exist for most altitudes and inclinations, and they are not limited to small eccentricity, Moon 
RGT orbits are of direct application to a variety of missions.  From a trajectory designer’s perspective, the RGT 
search algorithms are implemented in a general toolkit that is easily adaptable for any gravity field and any mass 
ratio.  Furthermore, little or no domain expertise is required.   

 
The described differential correction technique uses singular value decomposition to remove the degeneracies 

that typically plague full-dimensioned searches for periodic orbits.  The method is systematic and shown to be 
efficient for finding single solutions and following families of solutions.  The technique is applicable for all types of 
periodic orbit searches: symmetric and asymmetric, not limited to the class of high-resonant orbits studied here.   
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The better agreement between the invariant model and ephemeris occurs for low altitude orbits, where a high 
degree and order Selene-potential is included in the invariant model.  As altitude increases and approximations of 
the RTBP deteriorate, the ephemeris solutions are less accurately predicted by the invariant model and require 
further tuning to optimize lifetimes.  For the higher altitude orbits, the general techniques described in this study will 
find better application in planetary moon systems that are more accurately modeled with the RTBP.   

 
The low-altitude, near-circular families are shown to be stable for a wide range of useful altitudes and 

inclinations.  The solutions find strong enough resonance in the highly non-spherical Lunar gravity field to 
overcome the ephemeris perturbations and thus enjoy long lifetimes in the realistic model.  This long-term stability 
and systematic methodology makes the RGT orbits immediately applicable to current and planned Lunar exploration 
missions requiring orbiters with close surface proximity.  
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